
Encoding products

Sam Lindley

Olivierfest, Singapore, October 2025



Prologue



Most thanked computer scientist: Olivier Danvy



What do we mean by expressive power?

Some possible answers:

▶ Computability

▶ Algorithmic complexity

▶ Macro expressiveness
▶ local versus global encodings
▶ compositionality is a given

[Felleisen, 1990, “On the expressive power of programming languages”]
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Other aspects of expressive power

Types
parametric versus type-indexed encodings, type inference, subtyping, ...

Notions of observation
convertibility, reduction, normalisation, denotation, up to administrative reduction, ...

Properties
soundness, completeness, contextual equivalence, adequacy, full abstraction, ...

Structure
Galois connections, adjunctions, logical relations, bisimulations, ...
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Quiz

Can function types encode product types?

Can positive iso-recursive types encode positive equi-recursive types?

Can existential types encode universal types?

Can simple-typed lambda calculus encode System F?

Can row polymorphism encode row subtyping?
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Encoding products



Motivation

The standard Church encoding for a pair can only be ascribed a type in simply-typed
lambda calculus if both components of the pair have the same type.

pair l r ≡ λs.s l r
fst p ≡ p (λx .λy .x)
snd p ≡ p (λx .λy .y)

l and r , and hence x and y , must have the same type as the return type of s is fixed:

fst (pair l r) ≡ (λs.s l r) (λx .λy .x)
snd (pair l r) ≡ (λs.s l r) (λx .λy .y)

Do alternative simply-typed encodings exist for heterogeneous pairs?
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Call-by-name CPS

Products are encodable via a curried global CPS translation

N JAK = (A⋆ → R) → R

X ⋆ = X
(A× B)⋆ = N JAK ×N JBK
(A → B)⋆ = N JAK → N JBK

What about a local encoding?
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Localising CPS
Untyped

UJpair M NK = λs.s UJMK UJNK
UJfst MK = UJMK (λx .λy .x)
UJsnd MK = UJMK (λx .λy .y)

Simply typed — homogeneous products

HJA× AK = (HJAK → HJAK → HJAK) → HJAK
HJpair MA NAK = λsHJAK→HJAK→HJAK.s HJMK HJNK

HJfst MA×AK = HJMK (λxHJAK.λyHJAK.x)

HJsnd MA×AK = HJMK (λxHJAK.λyHJAK.y)

Polymorphic

FJA× BK = ∀Z .(FJAK → FJBK → Z ) → Z

FJpairA,B M NK = ΛZ .λsFJAK→FJBK→Z .s FJMK FJNK
FJfstA,B MK = FJMK FJAK (λxFJAK.λyFJBK.x)

FJsndA,B MK = FJMK FJBK (λxFJAK.λyFJBK.y)
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No local encoding of X × Y
We seek β-normal forms fstX ,Y and sndX ,Y such that:

Jp : X × Y ⊢ fst p : X K = p : JX × Y K ⊢ fstX ,Y : X
Jp : X × Y ⊢ snd p : Y K = p : JX × Y K ⊢ sndX ,Y : Y

So we must have m, n,M1, ...,Mm,N1, ...,Nn such that:

fstX ,Y = p M1 . . . Mm

sndX ,Y = p N1 . . . Nn

The typing rule for application means that we also have

A1 → · · · → Am → X = JX × Y K = B1 → · · · → Bn → Y

where:
(p : JX × Y K ⊢ Mi : Ai )1≤i≤m

(p : JX × Y K ⊢ Nj : Bi )1≤j≤nj

But these equations could only hold if X and Y were the same type!
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Hang on a minute!

Type-indexed local encodings of products are well-known in PCF and System T.

Examples:

▶ [Longley and Normann, 2015]
Higher-order computability

▶ [Kiselyov, 2021]
http://okmij.org/ftp/Computation/simple-encodings.html#product

How do we reconcile the existence of such encodings with the non-existence result?

http://okmij.org/ftp/Computation/simple-encodings.html#product


No local encoding of X × (X → X )

Consider X × (X → X ). We seek β-normal forms fstX ,X→X and sndX ,X→X such that:

Jp : X × (X → X ) ⊢ fst p : X K = p : JX × (X → X )K ⊢ fstX ,X→X : X
Jp : X × (X → X ) ⊢ snd p : X → X K = p : JX × (X → X )K ⊢ sndX ,X→X : X → X

As before, fstX ,X→X must be of the form

p M1 . . . Mm

and hence:
JX × (X → X )K = A1 → · · · → Am → X
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No local encoding of X × (X → X ) (continued)

Two choices for sndX ,X→X :

1. p N1 . . . Nm−1

=⇒ Am = X and Mm = p M ′
1 . . . M ′

m

M ′
m = p M ′′

1 . . . M ′′
m

...
No finite such snd can exist.

2. λz .N ′

=⇒ Jsnd (pair x y)K = λz .N ′[Jpair x yK/p]
No lambda abstraction can be β-converted to y .

But what if we allow η-conversion?
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Local encoding of X × (X → X ) with η

EJX × (X → X )K = (X → (X → X ) → X ) → X

EJpair MX NX→X K = λf .f EJMK EJNK
EJfst MX×(X→X )K = EJMK (λx y .x)

EJsnd MX×(X→X )K = λz .EJMK (λx y .y z)

Now we have
EJfst (pair x y)K ∼β x
EJsnd (pair x y)K ∼β λz .y z ∼η y
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Local encoding of A× B with η and a single base type X

EJA× BK = (EJAK → EJBK → X ) → X

EJpair M NK = λf .f EJMK EJNK
EJfst MA1→...Am→X ,BK = λz1 . . . zm.EJMK (λx y .x z1 . . . zm)
EJsnd MA,B1→...Bn→X K = λz1 . . . zn.EJMK (λx y .y z1 . . . zn)

This is a type-indexed local encoding.
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Can function types encode product types?

It depends...

▶ Parametric global CPS encoding
▶ Parametric local Church encodings

▶ untyped
▶ simple types, but only homogeneous products
▶ polymorphic

▶ Multiple base types — no local encoding

▶ Single base type without η — no local encoding

▶ Single base type with η — type-indexed local encoding

∗none of these encodings preserves the η-rule for products
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Epilogue



Closing thoughts

Expressiveness results are remarkably fragile

Several ideas and results in this talk are implicit in a 1974 paper by Barendregt (thanks
to an anonymous reviewer for making the connection!)
[Barendregt, 1974, “Pairing without conventional restraints”]

My thoughts on expressiveness are rooted in Olivier’s work on lambda calculus,
continuations, and program transformations
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Thank you Olivier


