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Two Coin Tosses

do b1 ← 𝗍𝗈𝗌𝗌
b2 ← 𝗍𝗈𝗌𝗌
⋮

𝗍𝗈𝗌𝗌 : 1 → 𝔹
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Two Independent Coin Tosses?

F



Two Independent Coin Tosses?
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Toss Two Coins

toss2

F,F T,TT,FF,T 

𝗍𝗈𝗌𝗌𝟤 : 1 → 𝔹 × 𝔹



𝗍𝗈𝗌𝗌𝟤 : 1 → 𝔹 × 𝔹



𝗍𝗈𝗌𝗌𝟥 : 1 → 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟤 : 1 → 𝔹 × 𝔹



𝗍𝗈𝗌𝗌𝟥 : 1 → 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟦 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟤 : 1 → 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟧 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟨 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟩 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟪 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟫 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹



𝗍𝗈𝗌𝗌𝟥 : 1 → 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟦 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟤 : 1 → 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟧 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟨 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟩 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟪 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

𝗍𝗈𝗌𝗌𝟫 : 1 → 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹 × 𝔹

∞ Handler Clauses?



Concurrent operations

(toss ★ toss) (●,●)

F,F T,TT,FF,T 

𝗍𝗈𝗌𝗌 ⋆ 𝗍𝗈𝗌𝗌 : 1 × 1 → 𝔹 × 𝔹



Concurrent operations

op1

A2

B2

A1

B1

op2

A1 x A2

B1 x B2

op1 ★ op2☞
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Closure Signature

Σ
Atomic operations

Σ⋆
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{op1 : A1 → B1, op2 : A2 → B2 }



Closure Signature

Σ
Atomic operations

Σ⋆
Concurrent operations

{op1 : A1 → B1, op2 : A2 → B2 }

{op1 : A1 → B1, op2 : A2 → B2,  

op1★op1 : A1×A1 → B1×B1, 

op1★op2 : A1×A2 → B1×B2, 

op2★op1 : A2×A1 → B2×B1, 

op1★op1★op1 : A1×A1×A1 → B1×B1×B1, 

op1★op1★op2 : A1×A1×A2 → B1×B1×B2, 

… }



                 

An Eff Calculus (with products)

based on M. Pretnar’s tutorial

wlye9@y8@6S_ K�BM R9 J�`+? kyRN N,Ry

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib RR

U�HbQ +�HH2/ opV r?B+? i�F2b � T�`�K2i2` �M/ T2`7Q`Kb i?2 QT2`�iBQM T�bbBM; i?2
i`BpB�H +QMiBMm�iBQMX

op= fun x 7! op(x;y.return y)

9Xk hvTBM; _mH2b

o�Hm2 ivT2b BM *>1z �`2 #QQH2�Mb- i?2 mMBi ivT2- 7mM+iBQMb- ?�M/H2`b- �M/ T`Q/m+ibX
*QKTmi�iBQM ivT2b �`2 p�Hm2 ivT2b T�B`2/ rBi? �M 2z2+i /2b+`B#2/ �b � b2i Q7
U�iQKB+V QT2`�iBQMbX

p�Hm2 ivT2 A,B ::= bool | unit
| A �!C
| C =) D
| A⇥B

+QKTmi�iBQM ivT2 C,D ::= A ! {opi : Ai �! Bi}16i6n

h?2 ivTBM; `mH2b 7Q` p�Hm2b �`2,

o�`
(x : A) 2 G
G ` x : A

h`m2

G ` true : bool

6�Hb2

G ` false : bool

6mM
G,x : A ` c : C

G ` fun x 7! c : A �!C

lMBi

G ` () : unit

S�B`
G ` a : A G ` b : B

G ` (a,b) : A⇥B

>�M/H2`
G,x : A +̀ cr : B ! D0

⇥
(opi : Ai �! Bi) 2 D G,x : Ai,k : Bi �! B ! D0 +̀ ci : B ! D0⇤

16i6n D/{opi}16i6n ✓ D0

G ` handler {return x 7! cr,op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn} : A ! D =) B ! D0

AM i?2 H�bi `mH2- i?2 opi Kmbi #2 �iQKB+- bBM+2 i?2v �`2 BM i?2 2z2+i- �M/ 2z2+ib
�`2 b2ib Q7 �iQKB+ QT2`�iBQMbX h?2`27Q`2 r2 /Q MQi ?�M/H2 +QKTQbBi2 QT2`�iBQMb
rBi? � handlerX

hvTBM; `mH2b 7Q` +QKTmi�iBQMb �`2,

𝗈𝗉i ∈ Σ
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Ry JX C�bF2HBQz �M/ 1X _Bp�b

*QKKmi�iBpBiv Bb MQi �bbmK2/ BM i?2 +QMpQHmiBQM bi`m+im`2X h?Bb K2�Mb i?�i op1 ?
op2 �M/ op2 ?op1 �`2 /Bz2`2Mi +QK#BM2/ QT2`�iBQMbX q2 bmTTQb2 i?�i i?2 2MpB`QM@
K2Mi Q` bT2+B�H ?�M/H2`b Ub22 H�i2`V rBHH /2�H rBi? +QKKmi�iBpBivX

AM i?2 M2ti b2+iBQM r2 rBHH 2ti2M/ � #�bB+ +�H+mHmb rBi? �H;2#`�B+ 2z2+ib �M/
?�M/H2`b 7Q` +QKTmiBM; rBi? i`22b QM +HQb2/ bB;M�im`2bX

9 *�H+mHmb Q7 *QM+m``2Mi >�M/H2`b Q7 1z2+ib

q2 BMi`Q/m+2 � M2r +�H+mHmb +�HH2/ *>1z- i?�i 2ti2M/b �H;2#`�B+ 2z2+ib rBi?
+QM+m``2Mi QT2`�iBQMbX Pm` bi�`iBM; TQBMi Bb S`2iM�`Ƕb +�H+mHmb 7Q` ?�M/H2`b Q7
2z2+ib US`2iM�`- kyR8V- bmBi�#H2 2ti2M/2/ rBi? T`Q/m+ibX

9XR avMi�t

h?2 bvMi�t Q7 p�Hm2b BM *>1z Bb i?2 7QHHQrBM;,

p�Hm2 v ::= x
| true | false

| (v,v) | ()
| fun x 7! c
| h

?�M/H2` h ::= handler { return x 7! cr,
op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn

}

o�Hm2b �`2 p�`B�#H2b- #QQH2�M p�Hm2b- T�B` Q7 p�Hm2b- i?2 mMBi p�Hm2- 7mM+iBQMb- Q`
?�M/H2`bX h?2 QMHv /Bz2`2M+2b rBi? p�Hm2b 7`QK S`2iM�`Ƕb +�H+mHmb US`2iM�`- kyR8V
�`2 T�B`b �M/ i?2 mMBi p�Hm2X

*QKTmi�iBQMb ?�p2 i?2 7QHHQrBM; bvMi�t,

+QKTmi�iBQM c ::= return v
| op(v;y 7! c)
| do x c1 in c2
| if v then c1 else c2
| v1 v2
| with v handle c
| match v as (x,y) 7! c
| c1 kc2

*QKTmi�iBQMb K�v Q7 `2im`M � p�Hm2- T2`7Q`K �M QT2`�iBQM- b2[m2M+2 +QKTmi�iBQMb
rBi? do- +QM/BiBQM�HHv 2p�Hm�i2 � +QKTmi�iBQM- �TTHv � 7mM+iBQM iQ �M �`;mK2Mi-
?�M/H2 � +QKTmi�iBQM mbBM; � ?�M/H2`- K�i+? T�B`b- K2`;2 irQ +QKTmi�iBQMbX h?2b2
H�bi irQ #2BM; i?2 QMHv /Bz2`2M+2b rBi? S`2iM�`Ƕb +�H+mHmbX

AM 2t�KTH2b- r2 rBHH �/KBi bvMi�+iB+ bm;�`, r2 K�v �#bi`�+i Qp2` K�Mv p�`B�#H2b
�i QM+2- �M/ r2 K�v K�i+? QM T�B`b BMbB/2 T�B`bX

�HbQ- �b mbm�H rBi? �H;2#`�B+ 2z2+ib- r2 K�v mb2 i?2 ;2M2`B+ 2z2+i USHQiFBM �
SQr2`- kyyjV Q7 �M QT2`�iBQM, ;Bp2M �M QT2`�iBQM op- i?2 ;2M2`B+ 2z2+i Bb � 7mM+iBQM

An Eff Calculus (with products)

based on M. Pretnar’s tutorial
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9XR avMi�t

h?2 bvMi�t Q7 p�Hm2b BM *>1z Bb i?2 7QHHQrBM;,

p�Hm2 v ::= x
| true | false

| (v,v) | ()
| fun x 7! c
| h

?�M/H2` h ::= handler { return x 7! cr,
op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn

}

o�Hm2b �`2 p�`B�#H2b- #QQH2�M p�Hm2b- T�B` Q7 p�Hm2b- i?2 mMBi p�Hm2- 7mM+iBQMb- Q`
?�M/H2`bX h?2 QMHv /Bz2`2M+2b rBi? p�Hm2b 7`QK S`2iM�`Ƕb +�H+mHmb US`2iM�`- kyR8V
�`2 T�B`b �M/ i?2 mMBi p�Hm2X

*QKTmi�iBQMb ?�p2 i?2 7QHHQrBM; bvMi�t,

+QKTmi�iBQM c ::= return v
| op(v;y 7! c)
| do x c1 in c2
| if v then c1 else c2
| v1 v2
| with v handle c
| match v as (x,y) 7! c
| c1 kc2

*QKTmi�iBQMb K�v Q7 `2im`M � p�Hm2- T2`7Q`K �M QT2`�iBQM- b2[m2M+2 +QKTmi�iBQMb
rBi? do- +QM/BiBQM�HHv 2p�Hm�i2 � +QKTmi�iBQM- �TTHv � 7mM+iBQM iQ �M �`;mK2Mi-
?�M/H2 � +QKTmi�iBQM mbBM; � ?�M/H2`- K�i+? T�B`b- K2`;2 irQ +QKTmi�iBQMbX h?2b2
H�bi irQ #2BM; i?2 QMHv /Bz2`2M+2b rBi? S`2iM�`Ƕb +�H+mHmbX
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based on M. Pretnar’s tutorial
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AM i?2 M2ti b2+iBQM r2 rBHH 2ti2M/ � #�bB+ +�H+mHmb rBi? �H;2#`�B+ 2z2+ib �M/
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9 *�H+mHmb Q7 *QM+m``2Mi >�M/H2`b Q7 1z2+ib

q2 BMi`Q/m+2 � M2r +�H+mHmb +�HH2/ *>1z- i?�i 2ti2M/b �H;2#`�B+ 2z2+ib rBi?
+QM+m``2Mi QT2`�iBQMbX Pm` bi�`iBM; TQBMi Bb S`2iM�`Ƕb +�H+mHmb 7Q` ?�M/H2`b Q7
2z2+ib US`2iM�`- kyR8V- bmBi�#H2 2ti2M/2/ rBi? T`Q/m+ibX

9XR avMi�t

h?2 bvMi�t Q7 p�Hm2b BM *>1z Bb i?2 7QHHQrBM;,

p�Hm2 v ::= x
| true | false

| (v,v) | ()
| fun x 7! c
| h

?�M/H2` h ::= handler { return x 7! cr,
op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn

}

o�Hm2b �`2 p�`B�#H2b- #QQH2�M p�Hm2b- T�B` Q7 p�Hm2b- i?2 mMBi p�Hm2- 7mM+iBQMb- Q`
?�M/H2`bX h?2 QMHv /Bz2`2M+2b rBi? p�Hm2b 7`QK S`2iM�`Ƕb +�H+mHmb US`2iM�`- kyR8V
�`2 T�B`b �M/ i?2 mMBi p�Hm2X

*QKTmi�iBQMb ?�p2 i?2 7QHHQrBM; bvMi�t,

+QKTmi�iBQM c ::= return v
| op(v;y 7! c)
| do x c1 in c2
| if v then c1 else c2
| v1 v2
| with v handle c
| match v as (x,y) 7! c
| c1 kc2

*QKTmi�iBQMb K�v Q7 `2im`M � p�Hm2- T2`7Q`K �M QT2`�iBQM- b2[m2M+2 +QKTmi�iBQMb
rBi? do- +QM/BiBQM�HHv 2p�Hm�i2 � +QKTmi�iBQM- �TTHv � 7mM+iBQM iQ �M �`;mK2Mi-
?�M/H2 � +QKTmi�iBQM mbBM; � ?�M/H2`- K�i+? T�B`b- K2`;2 irQ +QKTmi�iBQMbX h?2b2
H�bi irQ #2BM; i?2 QMHv /Bz2`2M+2b rBi? S`2iM�`Ƕb +�H+mHmbX

AM 2t�KTH2b- r2 rBHH �/KBi bvMi�+iB+ bm;�`, r2 K�v �#bi`�+i Qp2` K�Mv p�`B�#H2b
�i QM+2- �M/ r2 K�v K�i+? QM T�B`b BMbB/2 T�B`bX

�HbQ- �b mbm�H rBi? �H;2#`�B+ 2z2+ib- r2 K�v mb2 i?2 ;2M2`B+ 2z2+i USHQiFBM �
SQr2`- kyyjV Q7 �M QT2`�iBQM, ;Bp2M �M QT2`�iBQM op- i?2 ;2M2`B+ 2z2+i Bb � 7mM+iBQM

              
   

𝗈𝗉 ∈ Σ



ChEff Calculus 
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Ry JX C�bF2HBQz �M/ 1X _Bp�b

*QKKmi�iBpBiv Bb MQi �bbmK2/ BM i?2 +QMpQHmiBQM bi`m+im`2X h?Bb K2�Mb i?�i op1 ?
op2 �M/ op2 ?op1 �`2 /Bz2`2Mi +QK#BM2/ QT2`�iBQMbX q2 bmTTQb2 i?�i i?2 2MpB`QM@
K2Mi Q` bT2+B�H ?�M/H2`b Ub22 H�i2`V rBHH /2�H rBi? +QKKmi�iBpBivX

AM i?2 M2ti b2+iBQM r2 rBHH 2ti2M/ � #�bB+ +�H+mHmb rBi? �H;2#`�B+ 2z2+ib �M/
?�M/H2`b 7Q` +QKTmiBM; rBi? i`22b QM +HQb2/ bB;M�im`2bX

9 *�H+mHmb Q7 *QM+m``2Mi >�M/H2`b Q7 1z2+ib

q2 BMi`Q/m+2 � M2r +�H+mHmb +�HH2/ *>1z- i?�i 2ti2M/b �H;2#`�B+ 2z2+ib rBi?
+QM+m``2Mi QT2`�iBQMbX Pm` bi�`iBM; TQBMi Bb S`2iM�`Ƕb +�H+mHmb 7Q` ?�M/H2`b Q7
2z2+ib US`2iM�`- kyR8V- bmBi�#H2 2ti2M/2/ rBi? T`Q/m+ibX

9XR avMi�t

h?2 bvMi�t Q7 p�Hm2b BM *>1z Bb i?2 7QHHQrBM;,

p�Hm2 v ::= x
| true | false

| (v,v) | ()
| fun x 7! c
| h

?�M/H2` h ::= handler { return x 7! cr,
op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn

}

o�Hm2b �`2 p�`B�#H2b- #QQH2�M p�Hm2b- T�B` Q7 p�Hm2b- i?2 mMBi p�Hm2- 7mM+iBQMb- Q`
?�M/H2`bX h?2 QMHv /Bz2`2M+2b rBi? p�Hm2b 7`QK S`2iM�`Ƕb +�H+mHmb US`2iM�`- kyR8V
�`2 T�B`b �M/ i?2 mMBi p�Hm2X

*QKTmi�iBQMb ?�p2 i?2 7QHHQrBM; bvMi�t,

+QKTmi�iBQM c ::= return v
| op(v;y 7! c)
| do x c1 in c2
| if v then c1 else c2
| v1 v2
| with v handle c
| match v as (x,y) 7! c
| c1 kc2

*QKTmi�iBQMb K�v Q7 `2im`M � p�Hm2- T2`7Q`K �M QT2`�iBQM- b2[m2M+2 +QKTmi�iBQMb
rBi? do- +QM/BiBQM�HHv 2p�Hm�i2 � +QKTmi�iBQM- �TTHv � 7mM+iBQM iQ �M �`;mK2Mi-
?�M/H2 � +QKTmi�iBQM mbBM; � ?�M/H2`- K�i+? T�B`b- K2`;2 irQ +QKTmi�iBQMbX h?2b2
H�bi irQ #2BM; i?2 QMHv /Bz2`2M+2b rBi? S`2iM�`Ƕb +�H+mHmbX

AM 2t�KTH2b- r2 rBHH �/KBi bvMi�+iB+ bm;�`, r2 K�v �#bi`�+i Qp2` K�Mv p�`B�#H2b
�i QM+2- �M/ r2 K�v K�i+? QM T�B`b BMbB/2 T�B`bX

�HbQ- �b mbm�H rBi? �H;2#`�B+ 2z2+ib- r2 K�v mb2 i?2 ;2M2`B+ 2z2+i USHQiFBM �
SQr2`- kyyjV Q7 �M QT2`�iBQM, ;Bp2M �M QT2`�iBQM op- i?2 ;2M2`B+ 2z2+i Bb � 7mM+iBQM



…
A A

Merging Computations
p : A!Δ

…
B B

p q
∣∣

q : B!Δ



…
A A

Merging Computations
p ∣∣ q : A × B ! Δp : A!Δ

…
B B

p q
∣∣

…
A × B A × B

p ∣∣ q

q : B!Δ

☞



Merging Computations

toss ●

toss ●

F

F

T

T

210

print "A"

toss ●

F T

●

T F

∣∣
ℕ ! {toss, print} 𝔹 ! {toss, print}



Merging Computations

(toss ★ print) (●,"A")

(toss★toss)(●,●)

F,●

F,F

T,●

T,T

1, F0 , T

toss ●

F T

2,T 2,F

F,T

0 , F

T,F

1, T

ℕ×𝔹 ! {toss, print}



Merging Computations

F

T

2

toss ●

toss ●

F

T

10

T

print "A"

toss ●

F

●

T F

∣∣



Merging Computations

toss ●

toss ●

F

T

1

print "A"

toss ●

F

●

T

∣∣



Merging Computations

toss ●

toss ●

F

T

1

print "A"

toss ●

F

●

T

∣∣

is zipping



Merging Computations

(toss ★ print) (●,"A")

(toss ★ toss)(●,●)

(1,T)

F,●

T,F

is zipping



Handling Concurrent 
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Handling Concurrent 
Computations

• Reuse usual handlers 

• Preserve semantics when || is not used

wlye9@y8@6S_ K�BM R3 J�`+? kyRN Rk,9

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib RR

U�HbQ +�HH2/ opV r?B+? i�F2b � T�`�K2i2` �M/ T2`7Q`Kb i?2 QT2`�iBQM T�bbBM; i?2
i`BpB�H +QMiBMm�iBQMX

op= fun x 7! op(x;y.return y)

9Xk hvTBM; _mH2b

o�Hm2 ivT2b BM *>1z �`2 #QQH2�Mb- i?2 mMBi ivT2- 7mM+iBQMb- ?�M/H2`b- �M/ T`Q/m+ibX
*QKTmi�iBQM ivT2b �`2 p�Hm2 ivT2b T�B`2/ rBi? �M 2z2+i /2b+`B#2/ �b � b2i Q7
U�iQKB+V QT2`�iBQMbX

p�Hm2 ivT2 A,B ::= bool | unit
| A �!C
| C =) D
| A⇥B

+QKTmi�iBQM ivT2 C,D ::= A ! {opi : Ai �! Bi}16i6n

h?2 ivTBM; `mH2b 7Q` p�Hm2b �`2,

o�`
(x : A) 2 G
G ` x : A

h`m2

G ` true : bool

6�Hb2

G ` false : bool

6mM
G,x : A ` c : C

G ` fun x 7! c : A �!C

lMBi

G ` () : unit

S�B`
G ` a : A G ` b : B

G ` (a,b) : A⇥B

>�M/H2`
G,x : A +̀ cr : B ! D0

⇥
(opi : Ai �! Bi) 2 D G,x : Ai,k : Bi �! B ! D0 +̀ ci : B ! D0⇤

16i6n D/{opi}16i6n ✓ D0

G ` handler {return x 7! cr,op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn} : A ! D =) B ! D0

AM i?2 H�bi `mH2- i?2 opi Kmbi #2 �iQKB+- bBM+2 i?2v �`2 BM i?2 2z2+i- �M/ 2z2+ib
�`2 b2ib Q7 �iQKB+ QT2`�iBQMbX h?2`27Q`2 r2 /Q MQi ?�M/H2 +QKTQbBi2 QT2`�iBQMb
rBi? � handlerX

hvTBM; `mH2b 7Q` +QKTmi�iBQMb �`2,



Handling Concurrent 
Computations

• Reuse usual handlers 

• Preserve semantics when || is not used

• What happens when || is used?

wlye9@y8@6S_ K�BM R3 J�`+? kyRN Rk,9

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib RR

U�HbQ +�HH2/ opV r?B+? i�F2b � T�`�K2i2` �M/ T2`7Q`Kb i?2 QT2`�iBQM T�bbBM; i?2
i`BpB�H +QMiBMm�iBQMX

op= fun x 7! op(x;y.return y)

9Xk hvTBM; _mH2b

o�Hm2 ivT2b BM *>1z �`2 #QQH2�Mb- i?2 mMBi ivT2- 7mM+iBQMb- ?�M/H2`b- �M/ T`Q/m+ibX
*QKTmi�iBQM ivT2b �`2 p�Hm2 ivT2b T�B`2/ rBi? �M 2z2+i /2b+`B#2/ �b � b2i Q7
U�iQKB+V QT2`�iBQMbX

p�Hm2 ivT2 A,B ::= bool | unit
| A �!C
| C =) D
| A⇥B

+QKTmi�iBQM ivT2 C,D ::= A ! {opi : Ai �! Bi}16i6n

h?2 ivTBM; `mH2b 7Q` p�Hm2b �`2,

o�`
(x : A) 2 G
G ` x : A

h`m2

G ` true : bool

6�Hb2

G ` false : bool

6mM
G,x : A ` c : C

G ` fun x 7! c : A �!C

lMBi

G ` () : unit

S�B`
G ` a : A G ` b : B

G ` (a,b) : A⇥B

>�M/H2`
G,x : A +̀ cr : B ! D0

⇥
(opi : Ai �! Bi) 2 D G,x : Ai,k : Bi �! B ! D0 +̀ ci : B ! D0⇤

16i6n D/{opi}16i6n ✓ D0

G ` handler {return x 7! cr,op1(x;k) 7! c1, . . . ,opn(x;k) 7! cn} : A ! D =) B ! D0

AM i?2 H�bi `mH2- i?2 opi Kmbi #2 �iQKB+- bBM+2 i?2v �`2 BM i?2 2z2+i- �M/ 2z2+ib
�`2 b2ib Q7 �iQKB+ QT2`�iBQMbX h?2`27Q`2 r2 /Q MQi ?�M/H2 +QKTQbBi2 QT2`�iBQMb
rBi? � handlerX

hvTBM; `mH2b 7Q` +QKTmi�iBQMb �`2,



Interleaving Semantics: 

F,●,●

T,F,●

(toss ★ print ★ print) (●,"A","B")

(toss ★ toss ★ print) (●,●,"C")

(print ★ print) ("A","B")

toss

toss

toss

print "C"

F

F

T

●,●

● 

… …

Handling toss



Interleaving vs Native 
concurrency
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Interleaving vs Native 
concurrency

• Handling all operations we get an Eff program with an 
interleaving semantics

• Unhandled concurrent operations may given a native 
concurrency semantics

• Example: Haskell’s IO monad has an operation


concurrently :: IO a → IO b → IO (a, b) 



Concurrent Handlers



Concurrent Handlers
• Can’t use the continuation



Concurrent Handlers
• Can’t use the continuation

• Modify a concurrent node but 
preserve arity.

op p

… B …

op’ p’

… B …



Concurrent Handlers
• Can’t use the continuation

• Modify a concurrent node but 
preserve arity.

op p

… B …

c

B B B B B



Concurrent Handlers
• Can’t use the continuation

• Modify a concurrent node but 
preserve arity.

• In ChEff, for each op to be 
handled, we need a 
computation:

Γ, x : A𝗈𝗉, … ⊢c c : B𝗈𝗉!Δ

op p

… B …

c

B B B B B



Scenario

• We want to interpret an operation random : 1 → int32, in 
terms of toss : 1→ 2 



Concurrent Handler: 
interpret

𝗈𝗉1 : A1 → B1 𝗈𝗉2 : A2 → B2 𝗈𝗉3 : A3 → B3



Concurrent Handler: 
interpret

𝗈𝗉1 : A1 → B1 𝗈𝗉2 : A2 → B2 𝗈𝗉3 : A3 → B3

(op1★op2★op3) (a1,a2,a3)

B1 × B2 × B3



Concurrent Handler: 
interpret

𝗈𝗉1 : A1 → B1 𝗈𝗉2 : A2 → B2 𝗈𝗉3 : A3 → B3

…
B1 B1

…
B2 B2

c1 c2

∣∣
…

B3 B3

∣∣
c3



Concurrent Handler: 
interpret

𝗈𝗉1 : A1 → B1 𝗈𝗉2 : A2 → B2 𝗈𝗉3 : A3 → B3

…B1 × B2 × B3 B1 × B2 × B3

c1 ∣∣ c2 ∣∣ c2



Concurrent Handler: 
interpret

• We add a new handler to ChEff: 
 
 
 
 
 
 

• The handler is parametric in its return type A

wlye9@y8@6S_ K�BM R3 J�`+? kyRN Rk,9

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib kR

N+1 T`Q#H2KX h?2 B/2� Bb i?�i r2 2t2+mi2 � ?�M/H2` i?�i `2@+QMbi`m+ib � i`22 rBi?
QMHv QM2 `2�/ T2` H2p2H,

consolidate :: Free (Closure READ) x �! Free (Closure READ) x
consolidate t = handle return h t

r?2`2 h :: Closure READ (Free (Closure READ) x)�! Free (Closure READ) x Bb � ?2HT2`
7mM+iBQM i?�i T`Q+2bb �M �`#Bi`�`v MmK#2` Q7 `2�/bX �b r2 b�B/ #27Q`2- r2 r�Mi
iQ i`�Mb7Q`K � r?QH2 H2p2H Q7 `2�/b BMiQ QMHv QM2 `2�/X q2 rBHH mb2 i?2 7QHHQrBM;
`2+m`bBp2 7mM+iBQM,

consolidateLevel :: Closure READ x �! READ x
consolidateLevel (Prim v) = v
consolidateLevel (Fork (Read i k) w h) = Read (i++ j) join

where Read j k0 = consolidateLevel w
join xs = h (k $ take (length i) xs) (k0 $ drop (length i) xs)

h?Bb 7mM+iBQM i`�p2`b2b � H2p2H �M/ #mBH/b � mMB[m2 Read QT2`�iBQM i?�i DQBMb �HH Q7
i?2KX qBi? i?2 ?2HT Q7 i?Bb 7mM+iBQM- r2 +�M r`Bi2 Qm` ?2HT2` 7mM+iBQM h �b 7QHHQrb,

h r = Step (Prim (consolidateLevel r))

r?B+? bBKTHv T2`7Q`Kb consolidateLevel �M/ i?2M 2K#2/b Bi �b � H2p2H rBi? � mMB[m2
T`BKBiBp2 QT2`�iBQMX

e JQ`2 >�M/H2`b

:Bp2M i?�i i?2 ?�M/H2`b Q7 *>1z b2[m2MiB�HBx2 i?2 QT2`�iBQMb ?�M/H2/- QM2 K�v
�bF B7 i?2`2 �`2 Qi?2` r�vb BM r?B+? iQ ?�M/H2 +QKTmi�iBQMbX 6Q` 2t�KTH2- QM2 K�v
MQi r�Mi iQ HQQb2 T�`�HH2HBbKX q2 ;Bp2 bQK2 ?�M/H2`b i?�i /Q T`2+Bb2Hv i?Bb

eXR S�`�HH2H PT2`�iBQM BMi2`T`2i�iBQM

A7 r2 r�Mi iQ ;Bp2 �M QT2`�iBQM �M BMi2`T`2i�iBQM rBi?Qmi HQbBM; T�`�HH2HBbK- r2 M22/
iQ ;Bp2 � +QKTmi�iBQM i?�i /Q2b MQi b2[m2MiB�HBb2b +QKTmi�iBQM HBF2 i?2 �H;2#`�b Q7
handleX h?Bb K2�Mb i?�i r2 +�MMQi ?�p2 �++2bb iQ i?2 +QMiBMm�iBQM- r?B+? Kmbi #2
�TTHB2/ QMHv QM+2X

q2 2ti2M/ i?2 ?�M/H2`b Q7 *>1z rBi? i?2 7QHHQrBM; +QMbi`m+i,
?�M/H2` h ::= . . .

| interpretA { op1(x) 7! c1, . . . ,opn(x) 7! cn }

eXRXR hvTBM; `mH2b

AMi2`T`2i⇥
(opi : Ai �! Bi) 2 D G,x : Ai +̀ ci : Bi ! D0⇤

16i6n D/{opi}16i6n ✓ D0

G ` interpretA {op1(x) 7! c1, . . . ,opn(x) 7! cn} : A ! D =) A ! D0

h?2 ?�M/H2` interpretA Bb T�`�K2i`B+ Qp2` ivT2 AX

wlye9@y8@6S_ K�BM R3 J�`+? kyRN Rk,9

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib kR

N+1 T`Q#H2KX h?2 B/2� Bb i?�i r2 2t2+mi2 � ?�M/H2` i?�i `2@+QMbi`m+ib � i`22 rBi?
QMHv QM2 `2�/ T2` H2p2H,

consolidate :: Free (Closure READ) x �! Free (Closure READ) x
consolidate t = handle return h t

r?2`2 h :: Closure READ (Free (Closure READ) x)�! Free (Closure READ) x Bb � ?2HT2`
7mM+iBQM i?�i T`Q+2bb �M �`#Bi`�`v MmK#2` Q7 `2�/bX �b r2 b�B/ #27Q`2- r2 r�Mi
iQ i`�Mb7Q`K � r?QH2 H2p2H Q7 `2�/b BMiQ QMHv QM2 `2�/X q2 rBHH mb2 i?2 7QHHQrBM;
`2+m`bBp2 7mM+iBQM,

consolidateLevel :: Closure READ x �! READ x
consolidateLevel (Prim v) = v
consolidateLevel (Fork (Read i k) w h) = Read (i++ j) join

where Read j k0 = consolidateLevel w
join xs = h (k $ take (length i) xs) (k0 $ drop (length i) xs)

h?Bb 7mM+iBQM i`�p2`b2b � H2p2H �M/ #mBH/b � mMB[m2 Read QT2`�iBQM i?�i DQBMb �HH Q7
i?2KX qBi? i?2 ?2HT Q7 i?Bb 7mM+iBQM- r2 +�M r`Bi2 Qm` ?2HT2` 7mM+iBQM h �b 7QHHQrb,

h r = Step (Prim (consolidateLevel r))

r?B+? bBKTHv T2`7Q`Kb consolidateLevel �M/ i?2M 2K#2/b Bi �b � H2p2H rBi? � mMB[m2
T`BKBiBp2 QT2`�iBQMX

e JQ`2 >�M/H2`b

:Bp2M i?�i i?2 ?�M/H2`b Q7 *>1z b2[m2MiB�HBx2 i?2 QT2`�iBQMb ?�M/H2/- QM2 K�v
�bF B7 i?2`2 �`2 Qi?2` r�vb BM r?B+? iQ ?�M/H2 +QKTmi�iBQMbX 6Q` 2t�KTH2- QM2 K�v
MQi r�Mi iQ HQQb2 T�`�HH2HBbKX q2 ;Bp2 bQK2 ?�M/H2`b i?�i /Q T`2+Bb2Hv i?Bb

eXR S�`�HH2H PT2`�iBQM BMi2`T`2i�iBQM

A7 r2 r�Mi iQ ;Bp2 �M QT2`�iBQM �M BMi2`T`2i�iBQM rBi?Qmi HQbBM; T�`�HH2HBbK- r2 M22/
iQ ;Bp2 � +QKTmi�iBQM i?�i /Q2b MQi b2[m2MiB�HBb2b +QKTmi�iBQM HBF2 i?2 �H;2#`�b Q7
handleX h?Bb K2�Mb i?�i r2 +�MMQi ?�p2 �++2bb iQ i?2 +QMiBMm�iBQM- r?B+? Kmbi #2
�TTHB2/ QMHv QM+2X

q2 2ti2M/ i?2 ?�M/H2`b Q7 *>1z rBi? i?2 7QHHQrBM; +QMbi`m+i,
?�M/H2` h ::= . . .

| interpretA { op1(x) 7! c1, . . . ,opn(x) 7! cn }

eXRXR hvTBM; `mH2b

AMi2`T`2i⇥
(opi : Ai �! Bi) 2 D G,x : Ai +̀ ci : Bi ! D0⇤

16i6n D/{opi}16i6n ✓ D0

G ` interpretA {op1(x) 7! c1, . . . ,opn(x) 7! cn} : A ! D =) A ! D0

h?2 ?�M/H2` interpretA Bb T�`�K2i`B+ Qp2` ivT2 AX



Scenario
• We want to consolidate concurrent queries to a database


• We need to:


1. collect the queries


2. produce a new computation based on the collected 
info


3. The computation returns a big table with all the info. 
We need projections into the original queries.



Concurrent Handler: 
consolidatewlye9@y8@6S_ K�BM k8 J�`+? kyRN kR,R

k9 JX C�bF2HBQz �M/ 1X _Bp�b

eX9XR hvTBM; `mH2b

*QMbQHB/�i2⇥
(opi : Ai �! Bi) 2 D G,x : Ai,r : B +̀ ci : B ! D0 G,x : Ai,y : B0 +̀ ki : Bi ! D0

⇤
16i6n

G ` r0 : B G,r : B +̀ c : B0 ! D0 D/{opi}16i6n ✓ D0

G ` consolidateA {opi((x,r) 7! ci;(x,y) 7! ki)}16i6n from r0 with c : A ! D =) A ! D0

h?2 ?�M/H2` consolidateA Bb T�`�K2i`B+ Qp2` ivT2 AX >2`2 B Bb i?2 ivT2 Q7 i?2
�++mKmH�iQ`X hvT2 B0 Bb 7Q` i?2 `2bmHib r2 Q#i�BM �7i2` T2`7Q`KBM; i?2 +QMbQHB/�i2/
QT2`�iBQM- �M/ 7`QK r?B+? r2 Q#i�BM i?2 /Bz2`2Mi Bi UmbBM; i?2 kiV M22/2/ iQ
+QMiBMm2 rBi? i?2 +QKTmi�iBQMX

eX9Xk PT2`�iBQM�H `mH2b

AM i?2 7QHHQrBM; `mH2b- b2i

h= consolidateA {op1((x,r) 7! c1;(x,y) 7! k1), . . . ,opn((x,r) 7! cn;(x,y) 7! kn)} from r0 with ra 7! ca

�M/ H2i Op= {op1, . . . ,opn}X

qBi?*QMbQHB/�i2_2i

with h handle return v �! return v

qBi?*QMbQHB/�i2PM2
1 6 i 6 n opi 2 S

with h handle opi(v,z 7! c) �! do ra ci[v/x,r0/r]
r0  ca
z  ki[v/x]

in with h handle c

(J�m`Q, a?QmH/ r2 rQ``v �#Qmi +�Tim`BM; ra �M/ r0 BM c\ q2 b?QmH/ +QMbB/2`BM; `2[mB`BM;
7mM+iBQMb BMbi2�/- �M/ �pQB/ T`Q#H2Kb rBi? i?2 M�K2b Q7 7Q`K�H T�`�K2i2`b Q7
7mM+iBQMbX

)

qBi?*QMbQHB/�i2Pi?2`
op 62 Op

with h handle op(v,z 7! c) �! op(v,z 7! with h handle c)

qBi?*QMbQHB/�i2J�Mv
opi 2 S h0 = collect {opi((x,r) 7! ci)}16i6n from r0

p = s ?ss(vs,z 7! c) h00 = shint {opi(x) 7! ki[v/x][r0/y]}16i6n

with h handle p �! do ra with h0 handle p
r0  ca
z  with h00 handle p

in with h handle c

AM i?2 H�bi `mH2- i?2 h00 b?�HHQr ?�M/H2` B;MQ`2b i?2 �`;mK2Mi- bBM+2 �HH 7`22 Q+@
+m`2M+2b Q7 x �`2 bm#biBimi2/ #v r0X

wlye9@y8@6S_ K�BM k8 J�`+? kyRN kR,Rd

*QM+m``2Mi PT2`�iBQMb 7Q` �H;2#`�B+ 1z2+ib kj

eXjXR hvTBM; `mH2b

a?AMi⇥
(opi : Ai �! Bi) 2 D G,x : Ai +̀ ci : Bi ! D0

⇤
16i6n D✓ D0

G ` shintA {op1(x) 7! c1, . . . ,opn(x) 7! cn} : A ! D =) A ! D0

h?2 ?�M/H2` shintA Bb T�`�K2i`B+ Qp2` ivT2 AX

eXjXk PT2`�iBQM�H `mH2b

AM i?2 7QHHQrBM; `mH2b- b2i h = shintA {op1(x) 7! c1, . . . ,opn(x) 7! cn}- �M/ H2i Op =
{op1, . . . ,opn}X

qBi?a?AMi_2i

with h handle return v �! return v

qBi?a?AMiPM2
1 6 i 6 n opi 2 S

with h handle opi(v,y 7! c) �! do y ci[v/x] in c

qBi?a?AMiPi?2`
op 62 Op

with h handle op(v,y 7! c) �! op(v,y 7! c)

qBi?a?AMiJ�Mv
s 2 S with h handle ops(vs,ys 7! return ys) �! c0

with h handle s ?ops((v,vs),y 7! c) �! do y (i(s ,v)kc0) in c

r?2`2 i?2 7mM+iBQM i Bb i?2 QM2 /2}M2/ BM a2+iBQM eXRXkX

eX9 S�`�HH2H PT2`�iBQM *QMbQHB/�iBQM

G2i mb b�v r2 r�Mi iQ +QMbQHB/�i2 /�i�#�b2 +QM+m``2Mi /�i�#�b2 [m2`B2bX h?2M r2
M22/ iQ T`Q+2bb � +QKTQbBi2 QT2`�iBQM Ur?B+? `2T`2b2Mib �HH i?2 QT2`�iBQMb iQ #2
T2`7Q`K2/ �i � ;Bp2M iBK2VX

q2 2ti2M/ i?2 ?�M/H2`b Q7 *>1z rBi? i?2 7QHHQrBM; +QMbi`m+i,

?�M/H2` h ::= . . .

| consolidateA

8
<

:

op1((x,r) 7! c1;(x,y) 7! k1),
. . . ,
opn((x,r) 7! cn;(x,y) 7! kn)

9
=

; from v with c

h?2 p�Hm2 v �+ib �b �M BMBiB�H p�Hm2 7Q` �M �++mKmH�iQ`X :Bp2M �M opi QT2`�@
iBQM iQ;2i?2` rBi? Bib T�`�K2i2` �M/ i?2 +m``2Mi �++mKmH�iQ`- i?2 +QKTmi�iBQM ci
+�H+mH�i2b i?2 M2r p�Hm2 Q7 i?2 �++mKmH�iQ`X 6`QK i?2 }M�H p�Hm2 Q7 i?2 �++mKm@
H�iQ` T2`7Q`K +QKTmi�iBQM c- 7`QK r?B+? `2bmHi r2 b?QmH/ r2 �#H2 iQ Q#i�BM i?2
+QMiBMm�iBQM 7Q` 2�+? QT2`�iBQM Ui?2 ki +QKTmi�iBQMbVX

•  
 
 
 
 
 
 

• The handler is parametric in its return type A
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Concurrent Handler: 
consolidate

c

B’B’ …

k1(a1)||k2(a2)||k1(a3)

…B1 × B2 × B1
B1 × B2 × B1
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The Haskell Connection
• Concurrent operations are related to the use of 

applicative programming for concurrency in Haskell  
(for example Haxl)

• Applicative Functors are monoids wrt the Day convolution 

• F∑★ is closure of F∑ wrt the Day convolution

•• Free applicative functor over F∑ list of operations

F∑★ non-empy list of 
operations

(F ⋆ G) a = ∃b . F(b → a) × G(b)
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Effect of the Day
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`
• Structured operations

• ChEff 

• Choice of interleaving or native concurrency  
(or both)

• Details of operational semantics

• Different concurrent handlers. 
 Need to unify.


