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An example type and effect system

@ Have a finite set Loc of boolean locations in memory,
divided into finitely many regions: Loc = | J,.g Loc;.

@ The set of effects is:
Eff =4.¢ {update, | r € R} U {lookup, | r € R}
@ Effect typings have the form
r=M:ola

where M is an effect-annotated term, and o Cg, Eff
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Effect types and effect annotated terms

Raw Syntax
Types o :=bool | ¢ 7 (a Cgy Eff)
Terms M:=x|Mx:0.M]|MN |
true | false | if L then M else N |
| I:=M (I € Loc) | !/ (I € Loc)
Typing
Environments Mi=Xx1:01,...,%Xp:0p
Judgments r-Mm:ola
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Effect typing rules

Ex:0l) (x:0€l)

MNx:cFM:1la
FTEXX o M:(c 5 7)1

r-M:(c S 7)I8 TEN:oly
F=MN:Ti(aUBUY)

= M : boolla
N=1:=M: com!(oU {update, })

(I € Locy)

[ 1/ bool!{lookup,} (/€ Loc,)
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Semantics of effect-annotated terms

@ Standard (call-by-value) monadic semantics of terms
I+ t: o, without effect annotations has form:

[r1 T(loD)

@ Wadler’s suggestion: semantics of [ - t : ol«, with effect
annotations should have form:

[Ft:o]

[[F]] [Ftola] Ta(ﬂUﬂ)
for a collection of monads T, connected by monad
morphisms:
T.(X) 229, T4X) (o C B)

@ Where do such collections of monads and monad
morphisms come from?
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Idea |: Effects are given by (sets of) operations

@ Signature for state:
update; p, : 1 (/ € Loc, b € T) lookup, : 2 (/ € Loc)

@ Effects as (Sets of) operations of algebraic signature:

ops(update,) = {update;;, | € Locy, b € T}
ops(lookup,) = {lookup, | / € Loc,}
ops({ei,...,en}) = ops(e;)U...Uops(en)

Below we identify o and ops(«).
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Idea Il: T, is a restriction of T

@ Conservative Restriction

Ax, ={t=u|AxF t=uandt, ua-terms}
@ Axiomatic Restriction

Ax2 ={t=u|t=ue Axand t,u a-terms}
@ For a C 3, get theory inclusions

Ax§ C Axg CAx and AxZ2C Axg C Ax

and so, as we will see:
@ for o C 3, get monad morphisms

Taxe(X) = Taxg(X) = T and - Toa(X) = Taa (X) > T
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Axioms and Monad for Read-Only State

Axioms: Ax,
lookup, (X, X) = x

lookup, (lookup,(w, x), lookup,(y, z)) = lookup,(w, 2)
lookup,(lookup, (w, x), lookup, (¥, Z)) = lookup, (lookup,(w, y), lookup,(x, Z))

Monad

T.(X) = x°

where S = TlLec
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Axioms and Monad for Write-Only State:

Axioms: Ax,,
update, ,(update; , (X)) = update; ()
update, ,(update, 4, (X)) = update, ,, (update; ,(x)) (/ #I)

Monad

Tw(X) = S x X
where Sy, = (1 + T)t°
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Axioms and Monad for State

Axioms: Axp, These are Ax, U Axy, plus:

lookup, (update; ;.o (X), update,false(y)) = lookup,(X, y)
updatel,true(lookup/(x7 }/)) = updatel,true(x)

update/,false(lOOkup/(X> y)) = update/,false(y)

update, ,(lookup; (X, y)) = lookupy, (update, ,(x), update, ,(y)) (I # /')

Monad

Tow(X) = (S x X)°

where S = TLec
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Example: Conservative restrictions of Axyy.

In case of state for finitely many boolean locations, have Ax2
generates Ax¢ for a C, Op, SO monads are the same.

@ not generally true of course
@ true in all cases at hand not involving nondeterminism.
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Translations between presentations

@ A signature translation ¥ = ¥’ is an assignment
op:ne X t(op) € X'-terms

where Var(7(op)) = {20, ...,2Zn-1}.
@ Translating X-terms to ¥X'-terms:

b d = X
Op(t07"‘7tﬂ—1)7— = T(Op)[t(;—/ZOa”-7177—_1/2”—1]

@ A presentation translation(X, Ax) = (X', Ax') is a signature
translation ¥ - ¥’ such that:

AxFt=u = AXFt{=u

It is conservative if

AxFt=u & AXFI=U
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From translations to monad morphisms

@ Recall that, given a presentation (X, Ax), we get a monad

Tax(X) =aer {[t]ax | t is a term with variables in X}

@ Then, given a translation (X, Ax) = (¥/, Ax’), we get a
monad morphism

Tax(X) 25 Tov(X) (X € Set)

where
px([flax) = [tT]av

@ Further, p} is 1-1 for all sets X iff 7 is conservative
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Special case for effect systems

@ The signatures are oo C 3
@ Get inclusion signature translation o = 5 where

t=op:ne€awop(z,...,2,) € f-terms
@ Translating a-terms to S-terms:
=t

@ Axiomatic case Here Axg - Axg and . is a presentation
translation, as

Axjrt=u = Axjtt=u

@ Conservative case Here Axg - Axg and . is a conservative
translation as

AxjFt=u & (Axkt=u) & Axjrt=u
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Special case for effect systems (cntnd)

@ The monad morphism Ty, (X) 2% Tax,(X) is:

px([taxe) = [tlax,

H a c
where Ax, is Ax; or Axj.
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A slight digression: equivalence of presentations

Composing translations

/

Given (Z,Ax) 5 (¥, Ax) = (I, AX")
Define (Z,Ax) 27 (X, Ax")

T/

by: 7’o1(0p) = 7(0p)
Equivalence of presentations
(X', Ax") and (¥’, Ax’) are equivalent if there are translations
(Z,A%) 5 (¥, AX) 55 (T, Ax)
such that
Ax + 7'or(op) = op(z1,...,2n) (op € X)
AX' - ror(op’) = op'(2y,...,27) (op’ € X))
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A somewhat general formulation of effect systems

Fix an algebraic presentation (X, Ax) and set Eff = F(Op)

Types ocu=blo 57 (aChn Eff)

Terms M :=x|Ax:0.M| MN | coerce, 3(M) |
op(My,....,Mp) (op:n)| ...

Form of effect typing rules

r-Mm:ola
Form of semantics
r-M:ola
1 ™ 7. (o])
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Effect Typing & Algebraic semantics: Variables and

Abstraction

Typing

X1:01,...,Xn 00 F X;: 010
Semantics

[xI(a1, ..., an) = [aj]ax,
Typing

Nx:cF-M:7Tla

rl—/\X:J.M:(UgT)W)

Semantics

[x o MI(v) = [a € [o] = [M](7; &)l ax,
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Algebraic semantics: Application

Typing
TEM:(c &7 THN:oly
F=MN:7Tl(aUBUY)
Semantics
Suppose
IMI(~) = [t(Fr, - .., fm)]axs
[NI() = [u(ar, - - -, an)]ax,
fi(a;) = [Vjlaxa
Then

[IMN](~v) = [t(u(V11s- -5 Vin)s -« U(Vimts - -+, Vmn))Axasuy
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Algebraic semantics: Effects

Typing
M= M, :olo;
M=op(My,...,Mp):o!({op}UaiU...Uap)
Semantics
Suppose
IM1(v) = [ti]ax.,
Then

|]:Op(M17 R Mn)]] = [Op(t1 yrt tn)]Ax({op}UOqUMUaH)
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Algebraic Effects: Coercion

Typing
r'-M:ola
C
It coercey g(M) : ol (@ s B)

Semantics

Suppose

IMI(7) = [t]ax.
Then

coerceq g([M])(7) = p'[U]]([t]AXa) = [t]AXﬁ
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The let construct

Definition
letx:obe Min N= (A\x:0. M)N

(also written as: M to x : o in N)

Typing
r=M:o Mx:ocbN:7
letx:ocbeMinN: 7

Semantics (Exceptions case)

_ . inr(e) (if [M](~) = inr(e))
[let x : o be M in N](v) = { INI(r.a) (it [[M]](/Wy) _ ini(a))

Plotkin Lecture 2: Types and Effects



Kleisli lifting

Lifting

where f1 = jir(yy o T(f).

Kleisli lifting with parameters

XxY5x
XxT(Y) S T(xX = v) 5 7(2)
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Semantics of let

Typing
r=M:o MNx:cF-N:71

F~letx:ocbeMinN: 7

Categorical semantics
1% 11> 11 2™ gy < o] ™

Algebraic semantics

IMI(7) = [Kas,....ak)] (aicle]) [NI(v.a)=[u] (i=1,k)
[let x : o be M in N|(v) = [t(uq,- .., Uk)]
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Effect version

Effect typing

FrN-M:ola T)x:cFN:7Ip
letx:obe Min N : 7l(aUp)

Algebraic semantics

Suppose
IMI(v) = [Har,. -, a)lax. (& € [o])
[INI(v,a) = [uilaxg (i=1,k)
Then
[let x : o be Min NJ(v) = [t(u1,- .., Uk)]axop
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Algebraic optimisations: Discard

Suppose thatT - M : olawand T = N : 713, with o C S then, if «
is Ax,-discardable:

M7, letx:obe Min N=N

where discardability is that the only definable unary function is
the identity, ie, whenever Var(t) = {x} is an a-term, then:

Axq FtH(x) = x
Equivalently
Axq Fop(x,...,x)=x (op:n)

Example discardable theories Reader, both forms of
non-determinism.
Example nondiscardable theories Exceptions, writing.
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Proof of validity of optimisation

We have
IMI(v) = [Hai, .-, a)lax. (@i € [o])
[INI(v.a) = [u]ax,
So
[let x : o be Min NJ(v) = [t(u,..., U)]ax.0s
= [U]AXB
= [NI(v)
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Algebraic optimisations: Copy

Suppose that'- M :olaand M x: 0,y : o = N: 713, with
a C B then, if «is Ax,-copyable:

=7, letx:obeMin(lety:obeMinN) =
let X : 0 be M in N[x/y]
where copyability is defined by, whenever Var(t) = {x1,..., Xp}
is an a-term:

Ax, F t(t(Xﬁ,. .. 7X1n), cey t(Xm,...,Xnn)) = t(X11,. .. 7er)

Example copyable theories Exceptions, read-only state,
write-only state (proof: look at the normal forms)

Example non-copyable theories Nondeterminism, probabilistic
nondeterminism, state (with both reading and writing!)
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Proof of optimisation

Suppose
IMI(7) = [t(ar, - - - . a)laxa

INI(~v, ai, @) = [ujlaxs  (i,j=1,n))
Then

[let x : o be Min (let y : o be M in N)](v)
= [t(t(U11 PR U1I’7)7 ERE t(ufﬂ Yoy Unn))]Axﬁ
= [t(U117---7Unn)]Ax5

= [let x : o be M in N[y /x]](7)
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Algebraic optimisations: Permutation

Suppose N+ L:cla,TEM:7lgand,x:0,y:0ct N: 7183,
with a, 8 C p then, if a, 5 are Ax,, Axz-permutable:

=7, letx:obelin(lety:7be MinN) =
lety : 7be Min (let X : o be Lin N)
where permutability is defined by, whenever

Var(t) = {x1,...,Xm} is an o term and Var(u) = {y1,...,¥Ym}is
a [ term, then:

Axqup F Hu(X11,-.., X1n), -« -, U(Xm1, s Xmn))
= U(t(X11y - Xm1)y - - > t(X1ny -y Xmn))
Equivalently, just the operations.
Example permutable theories Distinct memory locations; state
and nondeterminism.
Example non-permutable theories Reading and writing the
same location; state and exceptions.
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Justification of optimisations

Supposel' =M :bla andT = N : bla where
F=xq:bq,...,x,: by andb and the b; are all ground. Then:

1. IMEa M =IN| <« FEr, M=N
2. |Mac M| =|N| iff TEr, M=N

v

So can use equations between annotated terms that are true in
effect models to optimise unannotated programs.

Note: Theorem is false if, e.g., I' is allowed to have first, or
higher, order variables, as guarantees on function applications
are lost on the left, e.g.:

f:unit % unit - let x :unit be f(*) in * = *

Interesting re separate compilation
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Modularity (examples)

@ |dea Build-up axioms/theories/monads for sets of effects
by simple operations on axioms/theories/monads for
smaller sets of effects.

@ Sum of Presentations Given (X1, Ax4), (X2, Axq) their sum
is the evident disjoint union, (X + X2, Ax1+, Ax2).

@ If Axq, Ax, are discardable, so is Axy + Axo.

@ If both Axy and Ax, are permutable with Axs, then so is
Axq + Axo.

@ Ifay € Xy and as C X, then
(Axy + Axz)q, 5 = (Ax1)d + (Ax2)F

(Ax1 + Axz)g1 5 = ((Ax1) + (Ax2))"
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Exercise 8

@ Show that in the case of state for finitely many boolean

locations (Axmw )f,,, IS the deductive closure of Ax,, where
lookup = {lookup,|/ € Loc}.

© Show that in the case of state for finitely many boolean
locations (Axmw)g,q.e iS the deductive closure of Ax,,where
update = {update; »|/ € Loc, b € T}.
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Exercise 9: Presentation translations and monad

morphisms

@ Show that, as claimed, p} is 1-1 for all sets X iff 7 is
conservative

© Show that p™ is actually a bijection between presentation
translations and monad morphisms. What is its inverse?

© (For the particularly categorically minded) Define a
category of axiomatic presentations and (equivalence
classes of) translations. Show that p7 is a fully faithful
functor. Perhaps go on to show it is an equivalence of
categories with the category of finitary monads. (Both are
equivalent to the category of Lawvere theories.)
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Exercise 10: Type and effect systems

@ Give a type and effect system for the language of Exercise
1. Give its algebraic semantics.

© Unique Typing For the “reasonably general" system given
above, or for your system of part 1 of this exercise, prove
that, given I and M there is at most one pair o, « such that
r=M:ola.

© Explicit coercion is annoying. Remove it (e.g. from the
“reasonably general" system given above) and give an
alternative system with subtyping and subeffecting. This
system does not have unique typing. Show that if
'+ M : ola then there is a term M™ of the previous system
such that ' = M : o¢la and M is obtained from M* by
removing coercions and certain natural maps
corresponding to subtyping. (There should be a better way
to say this.)
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Exercise 11: Optimisations |

@ Discard Various example theories were claimed to be
discardable or non-discardable. Establish these claims
(with proofs and counterexamples).

© Copy Various example theories were claimed to be
copyable or non-copycardable. Establish these claims
(with proofs and counterexamples).

© Permutation Various example pairs of theories were
claimed to be permutable or non-permutable. Establish
these claims (with proofs and counterexamples).
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Exercise 12: Optimisations |l

@ Discard It is claimed above that discardability can be
equivalently formulated in terms of just the operations.
Prove this.

© Copy ltis claimed above that copyability cannot be
equivalently similarly formulated in terms of just the
operations. Prove this. [Hint: look at the counterexample
from the previous exercise.]

© Permutation It is claimed above that permutability can be
equivalently formulated in terms of just the operations.
Prove this.
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